DESINGULARISATION OF ORBIFOLDS OBTAINED FROM SYMPLECTIC 
REDUCTION AT GENERIC COADJOINT ORBITS 



tin 



> 



KLAUS NIEDERKRUGER AND FEDERICA PASQUOTTO 

d\ ' 

1 Abstract. We show how to construct a resolution of symplectic orbifolds obtained as quotients 

C D ' of presymplectic manifolds with a torus action. As a corollary, this allows us to desingularise 

' generic symplectic quotients. Given a manifold with a Hamiltonian action of a compact Lie 

group, symplectic reduction at a coadjoint orbit which is transverse to the moment map produces 
a symplectic orbifold. If moreover the points of this coadjoint orbit are regular elements of the 
Lie coalgebra, that is, their stabiliser is a maximal torus, the result for torus quotients may be 
applied to obtain a desingularisation of these symplectic orbifolds. Regular elements of the Lie 
coalgebra are generic in the sense that the singular strata have codimcnsion at least three. 

Additionally, we show that even though the result of a symplectic cut is an orbifold, it can 
be modified in an arbitrarily small neighbourhood of the cut hypcrsurface to obtain a smooth 
' symplectic manifold. 

> 

^ • 1. Introduction 

Let G be a compact Lie group, and let [W, lo) be a Hamiltonian G-manifold with moment map 
fi : W g* . If ^ is transverse to the coadjoint orbit Ad(G)*i^, then the preimage 0{Ad{G)*i') := 
fi~^{Ad{G)*iy) of the coadjoint orbit is a smooth G-invariant submanifold. It also follows that 
every element on the coadjoint orbit Ad(G)*i^ is a regular value of the moment map /i, and so the 
' G-action is locally free, because for X € g the infinitesimal generator Xw satisfies the equation 

ixw^ = {dfi\X), so that Xw cannot vanish at regular points of the moment map /x. The quotient 

0(Ad(G)V)//G M"^(Ad(G)*i/)/G 

■ is an orbifold. The easiest way to define the canonical symplectic structure on C'(Ad(G)*i^)//G is 

I by using the isomorphism 

(1.1) C'(Ad(G)V)//G?5^/i-i(j/)/Stab(z/) . 

The 2-form uj descends to a non-degenerate form on the quotient on the right hand side, because 
^ ■ the tangent space to the Stab(i^)-orbits spans the kernel of t^|T/i-i(i/)- 

^ ' In this paper we prove the following result, which is a generalisation of the result in |NP07j . 

^ '. 

Theorem 1. Let (M,uj) be a symplectic orbifold arising as the quotient of a presymplectic T*"'- 
manifold by the given torus action and let X be the set of orbifold singularities of M . Assume 
that X is compact: then for any neighbourhood U of X there exists a symplectic resolution of M 
supported on U . 

Definition. An element v in the Lie coalgebra g* is called regular if its stabiliser with respect 
to the coadjoint action is a maximal torus. 

In fact most elements of the Lie coalgebra are regular: their complement consists of the union 
of finitely many subspaces of g*, the singular strata, which have codimcnsion at least 3. Using 
the isomorphism p.ip we can apply the theorem to a symplectic reduction at a generic clement 
V E Q* to obtain the following 

Corollary 2. Let G be a connected compact Lie group, and let {W,uj) be a Hamiltonian G~ 
manifold with moment map /x. Choose an element v G g* that is a regular value of fi and a regular 
element of the Lie coalgebra. The reduced space M := 0(Ad(G)*i/)//G is a symplectic orbifold 
and, provided that the set X of orbifold singularities is compact, it admits a symplectic resolution 
supported on an arbitrarily small neighbourhood of X . 
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2. Presymplectic manifolds and symplectic orbifolds 

In this section, G will denote a compact connected Lie group and g its Lie algebra. If G acts 
on a manifold P, then there exists a homomorphism 



exp(iX) * p . 

t=o 

The vector Xp is called the infinitesimal action of X e g. 



Definition. Let P be a (2n + fc)"dimensional smooth manifold and assume it admits a locally 
free G-action and a closed 2-form uup such that: 

(i) dim G = k; 

(ii) '^p ^ 0; . . 

(iii) the infinitesimal action of g spans the kernel of ujp. 
We call P a presymplectic G manifold. 

Definition. A symplectic orbifold AI is a Hausdorff, second countable topological space, 
equipped with an atlas of uniformizing charts {Ui,Ti, ipi^uji), where Ui is an open connected 
subset of M^", Ti is a finite group of symplectomorphisms of {Ui,uji) and (pi : Ui M induces 
a homeomorphism from Ui/Ti to Ui C AI . These charts are required to cover AI and to satisfy 
the following compatibility condition: \i x & Ui and y G Uj are such that 'Pi{x) = fj{y) then 
there exists a symplcctomorphism from a neighbourhood of x onto a neighbourhood of y whose 
composition with ipj is ipi. 

Definition. Let Mi and AI2 be orbifolds with uniformizing charts {{Ui, Ti, (p^)} and {{Vj,Aj,ipj)^, 
respectively. A smooth orbifold map / : AIi ^ AI2 is a continuous map such that ii x € Ui and 
y € Vj are such that f{ipi(x)^ = "ipjiy), then there exists a smooth map / from a neighbourhood 
of a; to a neighbourhood of y such that ipj o f = f o ipi. 

A G-orbifold AI is a smooth orbifold map G x AI AI with the usual properties of an action. 
The definition of presymplectic G-orbifold is also analogous to the corresponding one for manifolds. 

Lemma 1. Let P be a presymplectic Gi x G2-manifold. Then P/Gi is a presymplectic G2- 
orbifold. Moreover, P/{Gi x G2) and {P/Gi)/G2 are isomorphic as symplectic orbifolds. 

The proof of the lemma above is analogous to the case of smooth manifolds with free group 
actions. In our situation, though, one has to use the symplectic orbifold slice theorem, as stated 
in [LT97] . 

2.1. Symplectic resolutions. 

Definition. Let AI be an orbifold with singular set X. A resolution of AI consists of a smooth 
manifold Af and a continuous surjectivc map p : AI A/I which is a diffeomorphism on the 
complement of the singular set. 

If {AI, ijj) is a symplectic orbifold (presymplectic G-orbifold) and ?7 is a neighbourhood of the 
singular set X, then a symplectic (presymplectic) resolution of AI supported on U consists 
of a smooth symplectic (presymplectic G-) manifold {AI,ui) and a (G-equivariant) resolution 
p : A/I ^ AI such that p*oj — uj on the complement of U . 
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M^P, P,/E' P,/T' P,/T' ^ P/T^ = M 



Figure 1. Resolution scheme applied to a presymplectic T^-manifold {P,uj)- 

3. Construction of the resolution 

3.1. Strategy. Let M be a symplectic orbifold arising as the quotient of a presymplectic T*'- 
manifold P by the given group action, and let ?7 be a neighbourhood of the set of orbifold sin- 
gularities of M. If we split off an §^-factor from the fc-dimensional torus and view M as the 
quotient of a presymplectic §^ x T'^~^~manifold, by Lemma[l]we have that P/S^ is a presymplec- 
tic T'^-i-orbifold and (P/§i)/T'=-i ^ M. If the S^-action on P happens to be free, then P/S^ 
is a smooth presymplectic T'^"^ -manifold and we can split off another S-'^-factor. If the action is 
only locally free, in Lemma [5] below we show that one can construct a presymplectic resolution 
Pi of P/S^ (with T*^-! -action) supported on an arbitrarily small neighbourhood Ui of the set 
of singular points of P/§^. In particular, we can choose Ui in such a way that its image under 
the T'^~^-action is contained in U. From this it follows that the map pi : Pi — > P/§^ induces a 
surjective map [pi] : Pi/T''-'^ {P/S^)/T''-'^ ^ M which is a diffeomorphism outside the set of 
singular points of M and a symplectomorphism outside U. 

If we iterate this step (see Fig. [ij, we get a sequence of manifolds Pi, . . . , Pfe such that: 

(i) Pi is a presymplectic T'^~'-manifold; 

(ii) Pi : Pi Pi_i/§^ is a presymplectic resolution supported on Ui with an action of T'^^* 
such that U./T'^-' C ([pi] o . . . o [p,_i])-i(?7); 

(iii) the induced maps [pi\ : P^/T'^^* Pi_i/T'^~*"'"^ can be composed to obtain a symplectic 
resolution [p] = [pi] o [^2] o • ■ • o [p^,] : M ^ P^ ^ M = P/T^ of M supported on U . 

Lemma 2. Let {P,uj) be a presymplectic §^ x G-manifold. Let U be a neighbourhood of the set 
of singular points for the -action. Then we find a presymplectic §^ x G-manifold {P,uj) such 
that the -action is free, and such that there is a map p : P/§^ P/§^ that is a G -equivariant 
presymplectic resolution of P/S^ supported on U. 

The rest of Section [3] will be devoted to the proof of this lemma. For this we have to adapt the 
symplectic cut |Ler95j to our presymplectic setting. Roughly speaking we construct an auxiliary 
circle action in a tubular neighbourhood of the stratum of singularities with highest isotropy group. 
Then we cut out a smaller neighbourhood, and using the auxiliary action we collapse the boundary 
of the cavity to reobtain a closed manifold. With this construction, we have removed the points 
with highest isotropy groups, and then we can reapply the same steps to reduce successively the 
order of the worst singular points, until none are left. 
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3.2. Reducing the order of the singularities of the action. Choose an §^ x G-invariant 
splitting of the tangent bundle, 

TP = kerwp © . 

Since is a symplectic subbundle, it admits an x G-invariant almost complex structure J 
that is compatible with wpI^jp (see for example jMS98[ Section 5.5]). Consider the metric on fl^ 
given hy g = uop{J~, — ), and extend it to an invariant metric on TP such that kerwp _L O^. 

Consider the stratification {Pk\ of the singular set of the §^-action on P, with Pk — {p ^ P \ 
Stabgi {p) = Zk}- If fc is maximal, that is, Pk' = for k' > k, then P^ is a closed, §^ x G-invariant 
submanifold of P, of codimension at least 2. By restricting to one component, we may further 
assume Pk to be connected. A model of a neighbourhood of Pk is given by a neighbourhood of the 
zero section in the total space of its normal bundle i^k ■ The linearisation of the x G-action on P 
defines an action on Vk that is equivalent to the given one on P (in the sense that the exponential 
map defines an equivariant diffeomorphism from a neighbourhood of the zero section in Vk to a 
neighbourhood of Pk in P). Later it will be necessary to introduce an auxiliary circle action. To 
avoid confusions, from now on we will call the given §^-action the /3-action and we will write it 
as X *0 V for A S and v G Vk, whereas we will write g *g v for the G-action. 

Let X € Pk be a point in the minimal stratum. The S^-stabiliscr Stabgi (x) = Z^. acts by iso- 
metric J-linear transformations on fi^, hence there exists an isomorphism between the Hermitian 
vector spaces (fl^, J,g) and the standard Hermitian space C" such that the linearised Z^-action 
takes the form 

(3.1) Ah<^z = (A"izi,...,A""z„), AeZfe, zeC", Si,...,2„ eZ. 

Without loss of generality we may assume that = Si = ■ . . = a„, < am+i < • • • < < ^ for 
some m. The first m directions span the space H T^Pk, and since the others are orthogonal, 
they coincide with the fibre I'kix). In particular, it follows that Vk is a J-complex bundle with a 
fibrewise J-linear Z^-action that commutes with the x G-action. 

Denote by oi < • • • < ai the distinct exponents occurring in the normal form (j3.ip for the 
action: Vk splits thus into a direct sum of x G-invariant subbundles 

Vk==Ei(B---®Ei , 

where Ei{x) denotes the eigenspace corresponding to the eigenvalue A"* in the fibre at the point 
X. The splitting is well defined for each component of Pk- This allows us to extend the Z^-action 
to an auxiliary circle action ip by setting for any A G 

where v = vi + ■ ■ ■ + vi is a splitting with respect to the eigenspaces defined above. This S^-action 
is fibrewise and J-linear, and commutes with the original §^ x G-action. The presymplectic form 
LUp is (^-invariant at points of Pk, but unfortunately it does not need to be invariant at other 
points. By averaging cup over the (/^-action, we obtain a closed 2-form lo which is invariant with 
respect to both the x G- and the (/^-action, and such that the x G-orbits still lie in the kernel 
of to. At points of Pk, where ujp was already (/^-invariant, we did not change it by averaging, and 
so we have 7^ 0. It follows that there is a small neighbourhood of the zero section, where w 
will be §^ X G-presymplcctic. 

Proposition 3. There exist neighbourhoods Ui, U2 of Pk in Vk and an §^ x G-equivariant diffeo- 
morphism 5* : [/i — > J72 such that 

"^*L0 = LJp . 

The proof of this statement is a variation on the proof of the analogous statement in the 
symplectic case, but for completeness we have included it in the appendix. This proposition shows 
that we can pull-back the (p-action to a neighbourhood of Pk where it gives us an auxiliary action 
for which the original presymplectic form ujp is invariant. Equivalently we can work with the 
action Lp we have defined above and the averaged symplectic form to. In this paper we choose to 
do the latter. 
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Proposition 4. There exists a neighbourhood U of in and a non negative x G-invariant 
Morse-Bott function fi^ : [/ ^ K such that 



• flip vanishes only on the zero section of Vk, and it is strictly increasing in radial fibre 
direction. 

Proof. Since uj is yj-invariant, one has that dix^^ = ^x^^ = 0. For the time being, let U be 
any tubular neighbourhood of P^, where uj is defined. The closed 1-form ix^^ represents a class 
in H^{U) which vanishes if we pull it back to the zero section Pk'. Given that H^{U) ^ H^{Pk), 
it follows that ix^^ is exact on U, i.e., there exists a function fi^p such that ix^^ = dfi^. The 
function /i^ is uniquely defined up to an additive constant (which we may choose such that /i,^ = 
on Pk) and is §^ x G-invariant. 

Recall that a function / : M ^ E is called Morse-Bott if Crit(/) is a submanifold of M and 
Tx Crit(/) = kerHesSa;(/) for aU x G Crit(/), where HesSa;(/) : T^M T^M denotes the Hessian 
of / at the point x. 

In the case we are considering Crit(/i;p) = P^: in fact, if v G Pk, X^{v) = 0, and hence 
dfiip = ix Lo = 0. Conversely, since always lies in the fibre of i^k and cu restricts to a symplectic 
form there, dfj.tp = ix^^ can only vanish if = 0. It is easy to show that if w G P^, the inclusion 
r„Crit(/^(^) < kerlless^,(/i;p) holds. 

To see that equality holds one needs to show that dimker IIess.„(/ii^) < dimP^ or. equivalently, 
that rank HesSi, /Xi^ is at least equal to the rank of Vk- Restricting to, ip and /ip to one fibre 
of Vk we are in a proper symplectic situation and we may conclude that fJ-ipl^^^^^^-^ is Morse (see 
jMS98( Section 5.5]), hence in particular it has full rank. Introducing bundle coordinates on U and 
computing the matrix of second derivatives of /Zi^, which represent the Hessian in these coordinates, 
we see that it always contains a non singular block, corresponding to the above restriction of 
to one fibre, having rank equal to the rank of Vk- This proves that fi^ is Morse-Bott, and it only 
remains to show that it is positive outside Pk. 

Let dr be the radial vector field on Vk given by 

driv) 



dt 



t-v 

t=i 

for V € Vk- We will show that fi^p strictly increases in radial direction, more precisely that 
t^drt'-v > in ?7 (possibly after shrinking U) with equality only at the zero section. By definition 
of one has id^dfJ.^ — uj(X^, dr), so it will suffice to show that there exists a neighbourhood 
of Pk where U!{X^, dr) > 0. With tt denoting the bundle projection i/k Pk, the vertical bundle 
V{i^k) of Vk can be identified with the pull-back 

TT*Vk = {iv,w) e Vk ^ J^k \ 7r(w) =7r(z«)} . 

The identification of TT*{vk) and V{i'k) goes as follows 



7r*(i'fc) V{vk), iv,w) i-> ^ 



(v + tw) . 

t=o 

Let V € Vk, and write it as u = wi + • • • + with respect to the splitting Vk = Ei (B ■ ■ ■ ® Ei. The 
vectors X^ and dr lie in V{vk) ^ Tr*{vk) and they are given by 

Xip{v) — (v, aiJvi + • • ■ + aiJvi) and dr{v) ~ {v, v) . 

Let w be another vector in Vk with 7r(u) = 7r(u'), \\w\\ = 1, and w ^ wi + ■ ■ ■ + wi with respect to 
the splitting Vk ~ Ei ® ■ ■ ■ @ Ei. We will show that if v lies in the zero section of Vk, then one has 

I 

(3.2) uj{{v,^ajJwj),{v,w)^ > G . 

i=i 

Then by continuity there exists a neighbourhood of the zero section of Vk where this holds for 
all ||w|| = 1 and therefore, by scaling, for all w ^ 0. Hence in particular Ld{X^,dr) > on this 
neighbourhood, with equality only at the zero section. In order to prove ()3.2p . recall that at the 
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zero section of the differential of exp is the identity and the presymplectic form wp is left 
unchanged by averaging. So it follows that 

I I I 

^^^(w, JWj), (w, w)j = LP Qj JWj , w] = aj ljj{jWj,Wj) >0, 

i=i j=i j=i 

since the eigenspaces Ej^s are w-orthogonal. □ 

3.3. Surgery along the minimal stratum. As in the previous section, consider the minimal 
singular stratum Pfe, denote by Vk its normal bundle in P and take now the product Vk x C. We 
can extend the original (3- and G-action to this product by letting §^ and G act trivially on the 
C-factor, namely, for v G i^fe(x), w S C 

A *p {v, w) := (A */5 V, w) and g *g (v, w) := {g *g v, w) . 

We can define a second circle action on j/fe x C by setting 

A *^ (v, w) = (A *^ V, \~^w) = ((A^^wi + • • • + X'^'vi), \-^w) , 

where v = vi + ■ ■ ■ + vi is the splitting with respect to the eigenspaces defined above. The (3- and 
</3-actions commute and therefore we can combine them and define a new §^~action 

A *r (v, w) A *^ (A"^ *0 {v, w)) . 

This r-action is not effective, because the cp- and the /3-action coincide for elements in Z^. But 
consider the short exact sequence 

^ Zfe ^ §1 ^ §1 ^ , 

with the homomorphism of the circle given by A ^ A*^, and let §^ act on x C by (t *f {v, w) — 
A *T {v, w) for some A G §^ such that A'' = a. This new action, which we denote by f, is not 
only effective but even free and the quotient (i/^ x C)/f is a smooth manifold. Since ip and 
G commute with f and with each other, they descend to this quotient, inducing an §^ x G- 
action, that is again locally free outside the set {[w,0] | v <E Pk}- To see this, assume there is 
[v, w] G {vk X C)/f and a sequence {(A„, (?n)} in x G, converging to the identity element (1, e), 
such that (A„,g„) *cpxG [v,w] = [v,w] for all n G N. This means that for each n there exists a 
unique element tT„ G such that cr„ — > 1 and 

(3.3) (A„,g„) *,pxG (w,w) = cr„ *f iv,w) . 

By definition of the f-action, (t„ *f {v,w) = fin *t {v,w) for some sequence G S"^} such that 
fJ-n = and fin 1. Dropping the w-coordinate and projecting onto the zero section of i^k we 
obtain (/„ *g Tr{v) = /i„ *p 7r(u), that is, {fJ,n^,gn) G Stab/3xG(7''(w)). Since the f3 x G~action is 
locally free, it follows that /i„ = 1 and .g„ = e for all n sufficiently large. We can now rewrite 
Equation p.3[) as A„ (u,iy) ~ {v,w) and from this conclude that either A = 1 or (w,w) has to 
lie in Pk X {0}. 

We define a 2-form Q ~ (oj, — i dwAdw) on i/^ xC, which is invariant with respect to the f-action. 
By construction, the infinitesimal generator of this action can be written as Xf = i(— + X^). 
The "Hamiltonian" for the f-action, given by 

Hf{v,w) = ^fi^{v) - , 

satisfies ix-f^ = dHf. It follows that if we restrict to a regular level set of Hf, say H^^{e/k), we 
have ixf^ = 0. In other words, on such a level set the generator of the f-action is contained in 
the kernel of the 2-form. In fact, this kernel contains the subspace spanned by the infinitesimal 
generators of the G-, ip-, and f-actions. For an arbitrary skew-symmetric two-form a; on a vector 
space V and a linear subspace W <V, one has 

dim W + dim = dim V + dim(W' n ker w) . 

With V = T{vk X C) and W = TH7\e/k), using that ker Q is spanned by the generators of the 
G- and (/s-actions, this formula gives dimM^^^ = dimG + 2, which implies that on HT^{e/k) the 
kernel of coincides with the subspace spanned by the infinitesimal generators of the G-, 
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and f-actions. Hence the quotient := ^(e/fc)/f, with the structure induced by il, ip, and G 
is a smooth presymplectic §^ x G-manifold. 

Notice that HZ^{e/k) can be written as the disjoint union of two f-invariant manifolds 



H;\e/k) = \[v,w) 



fi^iv) > e, \w\' = I U { (z;, 0) I ^i^{v) = e] 



Choose (5 > such that /i^^((5) is contained in [/, the neighbourhood of Pk constructed in Proposi- 
tion [H Notice that ijl^^{5) has the structure of a sphere bundle over Pk- For < e < 5, denote by 
Vki^) the subset of given by {^,^[v) < e}, by iyk{e,S) the "annulus" G i^fc | e < iJ.ip{v) < (S}, 
and consider the map 



e ■) 



This is an x G-equivariant diffeomorphism (onto its image), where the §^-action is the /3-action 
on Vk and the (p-action on P^. Its inverse can be constructed as follows: given [v^w] with w ^ 0, 
we first represent the same class by an element {v' , w') such that w' is a real positive number, and 
then define 

w]) := v' . 

Moreover, since $ factors through the map i^fc(e, 6) ^ HT^^e/k) which is the identity in the first 
component and a real function in the second one, we have 

$*0 = ^*{uj, -i dw A dw) = uj , 

hence $ gives in fact an equivariant presymplectic identification of Vk{e,5) with its image under 
$. More precisely we have 

$(i/fe(e,(5)) = e I e < < ^} ■ 

We can now remove a tubular e-neighbourhood of Pk in Uk and glue in the smooth manifold 

e < ti^{v) < S, \w\ = -^—^ ^ / r 

along the open "collar" i>k{£,^), using the map <i>. In this way we define the new manifold 

P = {P ^M^))\Jv{5) . 



V{S) \{v,w) 



Since $ is equivariant, the /3--action on P — i^fc(e) and the (^-action on V{S) fit together to give 
a circle action (3 on P, which by construction coincides with /3 outside a (5-ncighbourhood of Pk- 
Similarly, the G-actions can be combined to define a G-action on P. Moreover, $ identifies the 
given closed 2-forms on the two sides of the gluing, so P also admits a closed 2-form uj with the 
property that uj = cop on P — Vki^)- With the action of x G and the 2-form uj just defined, P 
is a presymplectic manifold. 

Moreover, there exists a map / : P//3 — s- P//3, which is a G-equivariant presymplectic orbifold 
isomorphism outside an arbitrarily small neighbourhood of Pk (and in fact coincides with the 
identity map outside a slightly larger neighbourhood). We shall describe how to define /. On 
(P — ffc((5))//3 it is simply the identity. In order to define it on V{S)/(p a little more work is 
required. First of all, denote by the quotient {(w,0) £ H^^{e) | /iip(u) = e}/T. Then the 
inverse of the gluing map <I> gives us a diffeomorphism <I>~^ : V{5) — Se Vk{£,5). Since $ 
is equivariant with respect to the Lp x G- and /3 x G-actions, this descends to a G-equivariant 
presymplectic orbifold isomorphism {y{5) — Se)/'p — > v{e,5)/(3. Let h : [0, oo) [0, oo) be a 
smooth monotone real function, which satisfies the following three conditions: 

(i) h{t) = for all t < e; 

(ii) h is strictly increasing on {e,d); 
(ui) h{t) = 1 for all t > 6. 
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For V e 1^^(6,(5), define 

S : Vk{£, S) i^kiS) - Pk , V ^ h{fi^{v)) ■ V . 
The map S is (3 x C?-equivariant so it descends to a well-defined G-equivariant map 

S:iyki£,S)/fi^iMS)-Pk)/[3. 
The composition of with the "stretching" map S yields a map 

Because of the boundary conditions on h, the map / glues on the outer side with the identity map 
on (P— j/fe((5))//?. On the inner side we extend it as the map Se/(p —>■ Pk/P, which sends the (/3-orbit 
of [v, 0] to the /?-orbit of tt{v) (tt being the projection of i^k to its zero section). To see that / is 
continuous in a neighbourhood of S^/^p, one has to show that for any sequence [t;^, Wk]/'^ C V{5)/ 
that converges to some element [v,Q\/lp, it follows that /([w^, Wfc]/</j) converges to /([i;, 0]/(/3) . We 
can find representatives [v'f.^w'f^) S H^^[e/k) for the sequence that converge to (w',0), and hence 
= (^(Mv-K)) • ""07/3 converges to tt{v')/P = Tr{v)/p. 

4. Resolution of symplectic cuts 

The methods described above can also be applied in some situations to find resolutions of 
symplectic cuts, thus giving a (positive) answer to a question posed by River Chiang and Eugene 
Lerman. 

First note that the construction in the proof of Lemma [2] can also be carried out so as to 
preserve an additional i^T-action. If (P, uj) is a presymplectic §^ x G-manifold as in Lemma [2] 
with an additional if -action that preserves uj and commutes with x G, then for an arbitrarily 
small neighborhood U of the singular set of the circle action we find a presymplectic x G- 
manifold (P,cD) with a /^-action such that the §^-action is free, and such that there is a map 
p : P/S^ P/§^ that is a G-equivariant presymplectic resolution of P/S^ supported on U. The 
projection p is also if-equi variant, and if the initial if-action was "Hamiltonian" with a moment 
map fiK such that lym^ — d(^J'K\Y) for every Y G then we will also recover a moment map JIk 
on the resolution that coincides with hk outside the neighborhood U. 

To simplify the presentation in the proof, we chose not to include such a if -action: With this 
additional ingredient, most steps of the proof just go through in a straightforward way, but let us 
remark that in Proposition |4l the function fi^ is if -invariant, because 

d{CYplJ.^) = (ix^tu) = , 

for every infinitesimal generator Yp associated toY£t. It follows that CYp^J■^p ~ const, and since 
Yp is tangent to the stratum P^, and vanishes on Pk, we have CYpfJ-^p ~ 0. For the proof of 
Proposition [3] in the appendix, average a also over the group K, and show that Xg commutes with 
the generators of K in the same way as it was done for the G-action. The moment map JIk on 
the patch V{S) is given by projection onto the first factor, followed by the original moment map 

Theorem 5. Let (AI,uj) be a Hamiltonian §^ -manifold with Hamiltonian function h : Af — > R. 
Assume that a G h[M) is a regular value of h. Then we can perform the symplectic cut at a to 
obtain the symplectic orbifolds 

^^(-oo,a] and M[a^oo) . 

For any e > 0, there are symplectic resolutions of both orbifolds by symplectic -manifolds 
(M_,u;_) and (Ai+,ti;-|_) with Hamiltonians i?_ and i?+, respectively, such that h~^{—oo,a — e) 
is isomorphic to HZ^{—oo, a — e) and {a + e,oo) to H^^ {a + e,oo). 

Proof. The symplectic cut is performed by taking the product manifold Ai x C with symplectic 
form oj © —idz A dz and circle action e**^ * {P: •= (e^'^'p, e^'^z) or e*"^ * {p, z) := (e^'^'p, e~"^2), 
depending on whether one wants to produce M(^_oo,a] or M[a,oo)- In the first case, the Hamiltonian 



DESINGULARISATION OF SYMPLECTIC ORBIFOLDS 



9 



function will be H^{p, z) = H{p) + |z|^, in the second it will be H^{p, z) ~ H{p) — |z|^. Taking 
the symplectic reduction at the value a will yield the symplectic cut spaces. 

Let us now focus on the 'positive' part of the cut, qq), since the argument for the negative 
part is completely analogous. There is a symplectic embedding of h^^(a + e, oo) into M[a. oo), 
defined by p ^ [p, \Jh{p) — a\ : it is equivariant with respect to the circle action induced on 
-^[a,oo) by e"^ * (p, z) := [e^'^p^z). Notice that this action on the presymplectic manifold H^^{a) 
plays the role of the additional X-action mentioned above. 

The potential orbifold singularities of Af[a,oo) lie in the cut hypersurface {[p, 0] | p £ /i^^(a)}. 
Let Ue be the neighbourhood of this set defined as the complement of the image of {(p, z) | h{p) > 
a + e, 1^1 = \/h{p) — a}. Denote by M+ the resolution of M^a^oc) supported on Ui; obtained with 
the method of the previous section and preserving the additional circle action (the if -action). 
Then h^^(a + e, oo) embeds into Af+ in a symplectic and equivariant way. By construction, the 
Hamiltonian for the Tf-action on coincides with h outside the neighbourhood , so the image 
of this embedding coincides with H^^{a + e, oo). □ 

Appendix A. Proof of Proposition O 

The restrictions of lj and ujp coincide along the zero section of Uk- In particular, if we denote 
by io : Pk ^ >^k the inclusion of Pk as the zero section of Vk, we have 

iQ{uj — ujp) ~ . 

This implies that there exists a 1-form a on Vk such that to — ujp = da and moreover a vanishes 
on T^Vk for every x & Pk (see for example [CdSOll Theorem 6.8] or |MS98[ Lemma 3.14]). Fur- 
thermore, we may assume a to be /?- and G-invariant, because if it were not, we could replace it 
by its average 

a' = {g*X*a) dXdg , 

Js^xG 

which still satisfies 

da' — / [g* X* da) dX dg — / g* X* {lu — LUp) dXdg = u — up 

and a' = on points of Pk- Let Y be an arbitrary element in the Lie algebra of §^ x G, and let 
Yp be its infinitesimal generator. Notice that from the §^ x G-invariance, we also obtain that 
iypa = const, but since iypa = on the zero section, it follows that Yp lies everywhere in the 
kernel of a. 

Now define the 1-parameter family of presymplectic 2-forms 

ujs := s uj + [1 — s) ujp . 

Assume there exists a time-dependent vector field Xg such that lo = (<I>f-^ ) * t^s , where ^>^= denotes 
the flow of Xs ■ Then we have 

which is equivalent to Cx,^s + da = 0, or 

d{ix,LOs + a) = Q . 

In order to show that uj and top are x G-equivariantly isomorphic, we need to find Xg satisfying 
the last equation, integrating to a time-1 flow in a neighbourhood of Pk and commuting with §^ xG. 
Let Xg be the unique vector field determined by 

g{Yp,Xs) ^Q-^XseVL^ = (kercjp)^ 
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for any infinitesimal generator Yp for the §^ x G~action. It is easy to see that iyp (ix^^s + a) = 0, 
so it follows that ix^^s + a = on the whole tangent space and not just on Vl^ . To see that Xg 
commutes with Xp^ compute 

= Cyp {ix.i^s + a) = icYpX.L^s 

and 

= Cyp {g{Xs, Yp)) = g{Yp, CypX^) . 

Combining this with the fact that lUs is nondcgenerate on we get that LypXs ~ 0. 

Finally notice that, since a vanishes at all points of the zero section of Vk, Xg also does and 
hence its flow is defined in a neighbourhood of this section up to time one. 
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